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Abstract

We consider a two-agent MDP framework where
agents repeatedly solve a task in a collaborative
setting. We study the problem of designing a
learning algorithm for the first agent (A;) that
facilitates successful collaboration even in cases
when the second agent (As) is adapting its pol-
icy in an unknown way. The key challenge in our
setting is that the first agent faces non-stationarity
in rewards and transitions because of the adaptive
behavior of the second agent.

We design novel online learning algo-
rithms for agent A; whose regret decays as

O(Tmax{1=%-23}) for T learning episodes,

provided that the magnitude in the change in
agent Ay’s policy between any two consecutive
episodes is upper bounded by O(T'~¢). Here, the
parameter « is assumed to be strictly greater than
0, and we show that this assumption is necessary
provided that the learning parity with noise prob-
lem is computationally hard. We show that sub-
linear regret of agent A; further implies near-
optimality of the agents’ joint return for MDPs
that manifest the properties of a smooth game.

1. Introduction

Recent advancements in Al have the potential to change our
daily lives by boosting productivity (e.g., via virtual per-
sonal assistants), augmenting human capabilities (e.g., via
smart mobility systems), and increasing automation (e.g.,
via auto-pilots and assistive robots). These are settings of
intelligence augmentation, where societal benefit will come
not from complete automation but rather from the interac-
tion between people and machines, in a process of a pro-
ductive human-machine collaboration.
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We expect that useful collaboration will come about
through AI agents that can adapt to the behavior of users.
As an example, consider self-driving cars where auto-pilots
can be overridden by human drivers. In an initial period, a
human driver would likely change their behavior until ac-
customed with new features of an auto-pilot mode. Without
accounting for this changing behavior of users, the perfor-
mance of the Al agent could considerably deteriorate, lead-
ing to, for example, hazardous situations in an auto-pilot
mode. Hence, it is important that the Al agent updates its
decision-making policy accordingly.

We formalize this problem through a two-agent, reinforce-
ment learning (RL) framework. The agents, hereafter re-
ferred to as agent .4; and agent Ao, jointly solve a task in
a collaborative setting (i.e., share a common reward func-
tion and a transition kernel that is based on their joint ac-
tions). Our goal is to develop a learning algorithm for agent
A\ that facilitates a successful collaboration even in cases
when agent A, is adapting its own policy. In the above
examples, agent A; could represent the Al agent whereas
agent A, could be a person with time-evolving behavior.
We primarily focus on an episodic Markov decision pro-
cess (MDP) setting, in which the agents repeatedly interact:

(i) agent .A; decides on its policy based on historic infor-
mation (agent As’s past policies) and the underlying
MDP model;

(ii) agent A; commits to its policy for a given episode
without knowing the policy of agent As;

(iii) agent A; updates its policy at the end of the episode
based on agent As’s observed behavior.

When agent Ay’s policy is fixed and known, one can find
an optimal policy for agent .A; using standard MDP plan-
ning techniques. In our setting, however, we do not assume
agent As’s behavior is stationary, and we do not assume
any particular model for how agent A5 changes its policy.
This differs from similar two-agent (human-Al) collabo-
rative settings (Dimitrakakis et al., 2017; Nikolaidis et al.,
2017) that prescribe a particular behavioral model to agent
As (human agent).

1.1. Overview of Our Approach

The presence of agent Ay in our framework implies
that the reward function and transition kernel are non-
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stationary from the perspective of agent A;.  Vari-
ants of the setting have also been studied in the learn-
ing literature (Even-Dar et al., 2005; 2009; Yu & Mannor,
2009b;a; Yuetal., 2009; Abbasi et al.,, 2013; Wei et al.,
2017). However, these approaches do not directly ap-
ply because: (i) they focus on a particular aspect
of non-stationarity (e.g., changing rewards with fixed
transitions) (Even-Dar et al., 2005; 2009), (ii) require
that the changes in the transition model are bounded
(Yu & Mannor, 2009a;b), (iii) make restrictions on the pol-
icy space (Abbasi et al., 2013), and (iv) consider a com-
petitive or adversarial setting instead of cooperative set-
ting with shared reward (Wei et al.,, 2017). Instead, we
will assume that agent A does not abruptly change its
policy across episodes, and prove that the problem be-
comes computationally intractable otherwise. Our ap-
proach is inspired by the problem of experts learning in
MDPs (Even-Dar et al., 2005), in which each state is as-
sociated with an experts algorithm that derives the policy
for that state using ()-values. However, to compensate
for the non-stationarity of transitions and facilitate a faster
learning process, we introduce novel forms of recency bias
inspired by the ideas of Rakhlin & Sridharan (2013) and
Syrgkanis et al. (2015).

Contributions. We design novel algorithms for agent
A, that lead to sub-linear regret of O(T™ax{1=7-a.5}),
where 7' is the number of episodes. We assume the mag-
nitude of agent As’s policy change w.r.t. T is O(T %),
for parameter « that we require to be strictly positive. We
show via a reduction from the learning parities with noise
problem (Abbasietal., 2013; Kanade & Steinke, 2014)
that this upper bound on the rate of change in agent As’s
policy is necessary, in that it is computationally hard to
achieve sub-linear regret for the special case of @ = 0.
Furthermore, we connect the agents’ joint return to the
regret of agent A; by adapting the concept of smoothness
from the game-theory literature (Roughgarden, 2009;
Syrgkanis et al., 2015), and we show that the bound on
the regret of agent A; implies near optimality of the
agents’ joint return for MDPs that manifest a smooth game
(Roughgarden, 2009; Syrgkanis et al., 2015). To the best of
our knowledge, we are the first to provide such guarantees
in a collaborative two-agent MDP learning setup.

2. The Setting

We model a two-agent learning problem through an
MDP environment.! The agents are agent A; and agent
As. We consider an episodic setting with 7' episodes
(also called time steps) and each episode lasting M rounds.
Generic episodes are denoted by ¢ and 7, while a generic

"An MDP with multiple agents is often called multiagent
MDP (Boutilier, 1996).

round is denoted by m. The MDP is defined by:

* a finite set of states .S, with s denoting a generic state.
We enumerate the states by 1, ..., |S|, and assume this
ordering in our vector notation.

« afinite set of actions A = A; X Ay, witha' € A; denot-
ing a generic action of agent .A; and a® € A, denoting
a generic action of agent 4. We enumerate the actions
of agent A; by 1, ..., | 41| and agent A, by 1, ..., |As],
and assume this ordering in our vector notation.

* a transition kernel P(s,a',a?, s, ), which is a tensor
with indices defined by the current state, the agents’ ac-
tions, and the next state.

¢ areward function r : S x A — [0, 1] that defines the
joint reward for both agents.

We assume that agent A; knows the MDP model. The
agents commit to playing stationary policies 7'y and 72,
in each episode ¢, but do so without knowing the commit-
ment of the other agent. At the end of the episode ¢, the
agents observe each other’s policies (m!;, w%;) and can
use this information to update their future policies.” Since
the state and action spaces are finite, policies can be repre-
sented as matrices 71 (s, a') and 72, (s, a?), so that rows
m'y(s) and 72, (s) define distributions on actions in a given
state. We also define the reward matrix for agent A4; as
ri(s,a') = Eg2n2,(s) [r(s,a', a®)], whose elements are
the expected rewards of agent A, for different actions and
states. By bounded rewards, we have 0 < 7;(s,a') < 1.

2.1. Objective

After each episode ¢, the agents can adapt their policies.
However, agent A, is not in our control, and not assumed
to be optimal. Therefore, we take the perspective of agent
A1, and seek to optimize its policy in order to obtain good
joint returns. The joint return in episode ¢ is:

1 M

E 1 2 1 2

‘/:‘,:M]E T(vaa/maam”dlaﬂ'taﬂ't
m=1

1 M

=" dt,m'<771tart>7
v

where s,,, is the state at round m. For m = 1, s,,, is sam-
pled from the initial state distribution d,. For later peri-

ods, s,, is obtained by following joint actions (a'y,a?;),
(ats,a?s), ..., (aty_1,a?,,_1) from state s;. Actions are

obtained from policies 7'; and 72;. The second part of

*We focus on the full information setting as it allows us to do
a cleaner analysis while revealing some of the challenges of the
problem at hand. The setting, for example, formalizes a scenario
where the Al describes its policy to the human, and the episodes
are long enough that the Al can effectively observe the human’s
policy.
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the equation uses a vector notation to define the joint re-
turn, where d; ,, is a row vector representing the state dis-
tribution at episode ¢ and round m, while (7', 7;) is a
row-wise dot product whose result is a column vector with
|S| elements. Since this is an episodic framework, we
will assume the same starting state distribution, d;, for all
episodes ¢. However d; ,, can differ across episodes since
policies 7!; and 72; evolve.

We define the average return over all episodes as V' = % .
Zil V;. The objective is to output a sequence of agent

Aj’s policies 71y, ..., w7 that maximize:

1 T

sup V=

1y E

sup

B 1y

T 1

The maximum possible value of V over all combinations
of agent A;’s and agent As’s policies is denoted as OPT.
Notice that this value is achievable using MDP planning
techniques, provided that we control both agents.

2.2. Policy Change Magnitude and Influences

We do not control agent A;, and we do note assume that
agent As follows a particular behavioral model. Rather, we
quantify the allowed behavior via the policy change mag-
nitude, which for agent As is defined as:

|772t(s, a2) - 7r2t,1(s, a2)|

where |[|-||, is operator (induced) norm. In the case of
agent Az, we will be focusing on policy change magnitudes
po that are of the order O(T~%), where « is strictly grater
than 0. For instance, the assumption holds if agent A5 is a
learning agent that adopts the experts in MDP approach of
Even-Dar et al. (2005; 2009).

We also define the influence of an agent on the transition
dynamics. This measures how much an agent can influence
the transition dynamics through its policy. For agent As,
the influence is defined as:

"Pﬂ17ﬂ2 - Pﬂ.1_’ﬂ.2/ o

!/
e — 2|
oo

I, = sup

wl w242

where kernel (matrix) Py z2(S, Spew) denotes the prob-
ability of transitioning from s to S,¢, when the agents’
policies are v and 72 respectively.® Influence is a mea-
sure of how much an agent affects the transition probabil-
ities by changing its policy. We are primarily interested

3Our notion of influence is similar to, although not the same
as, that of Dimitrakakis et al. (2017).

in using this notion to show how our approach compares
to the existing results from the online learning literature.
For I, = 0, our setting relates to the single agent settings
of Even-Dar et al. (2005; 2009); Dick et al. (2014) where
rewards are non-stationary but transition probabilities are
fixed. In general, the influence I takes values in [0, 1] (see
Appendix B, Corollary 1). We can analogously define pol-
icy change magnitude p1, and influence I; of agent A;.

2.3. Mixing Time and Q-values

We follow standard assumptions from the literature on on-
line learning in MDPs (e.g., see Even-Dar et al. (2005)),
and only consider transition kernels that have well-defined
stationary distributions. For the associated transition ker-
nel, we define a stationary state distribution d,1 2 as the
one for which:

1. any initial state distribution converges to under poli-
cies 7wl and 72;

2. and dﬂ1,w2 : P,.ﬂj,,z = dﬂ.lm.z.

Note that d1 2 is represented as a row vector with |S|
elements. Furthermore, as discussed in Even-Dar et al.
(2005), this implies that there exists a mixing time w, such
that for all state distributions d and d’, we have

|d- Pri gz —d' - Pri 2|, < e7% - |d—d'|], .

Due to this well-defined mixing time, we can define the
average reward of agent A; when following policy 7! in
episode t as:

77t(7"1) = 7771'27:(771) = dﬂ'l,ﬂ'2t : <7Tl’ rt> ;

where (.,.) is row-wise dot product whose result is a col-
umn vector with |S| elements. The @Q-value matrix for
agent A; w.r.t. policy 7!, is defined as:

oo

Qi(s,a') = Z ('rt(sm,alm) - nt(ﬂlt))|s,al,7rlt

m=1

where s,,, and a',,, are states and actions in round m, start-
ing from state s with action a' and then using policy 7!;.
Moreover, the policy-wise Q-value (column) vector for 7'
w.r.t. policy 7!, is defined by:

Q?l (S) = Ealw‘l\'l(s) [Qt(sa al)] )

and in matrix notation Qfl = <7r1, Qt>. The ()-values
satisfy the following Bellman equation:

Qi(s,a") = ri(s,a') = me(mw') + Ppa,(s,0") - QF

where Py2, (s,a') defines the probability distribution over
next states given action a! of agent A4; and policy 72,
of agent A (here, Pyz,(s,a') is denoted as a row vec-
tor with | S| elements). For other useful properties of this
MDP framework we refer the reader to Appendix B.
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3. Smoothness and No-regret Dynamics

The goal is to output a sequence of agent .A; ’s policies mly,

..., ™ so that the joint return V' is maximized. There are
two key challenges: (i) agent Ay policies could be sub-
optimal (or, even adversarial in the extreme case), and (ii)
agent A; does not know the current policy of agent 45 at
the beginning of episode t.

Smoothness Criterion. To deal with the first challenge,
we consider a structural assumption that enables us to ap-
ply a regret analysis when quantifying the quality of a so-
lution w.r.t. the optimum. In particular, we assume that the
MDRP is (A, p)-smooth:

Definition 1. We say that an MDP is (A, p)-smooth if there
exists a pair of policies (7r1*, 772*) such that for every pol-
icy pair (w!, w?):

Dz () > N e mpeae (87) — - ez (),
77.,‘.2*(71'1*) > 77.,,2(7r1).

This bounds the impact of agent A5’s policy on the aver-
age reward. In particular, there must exist an optimal pol-
icy pair (7'”, 7w2") such that the negative impact of agent
As for choosing w2 # 72" is controllable by an appropri-
ate choice of agent .A;’s policy. This definition is a variant
of the smoothness notion introduced to study the “price-
of-anarchy” of non-cooperative games, including for learn-
ing dynamics (Roughgarden, 2009; Syrgkanis et al., 2015).
For the relationship between the smoothness parameters
and the properties of the MDP, we refer the reader to Ap-
pendix C. It is important to note that since we have a finite
number of rounds M per episode, OPT is not necessarily
the same as 7,2« (7'"), and the policies that achieve OPT
need not lead to 72+ (7w'"

No-regret Learning. To address the second challenge, we
adopt the online learning framework and seek to minimize
regret R(T):

R(T) = S}:PZ [7715(7"1) - ﬁt(ﬂlt)} . (1)

A policy sequence 7y, ..., 7l is no-regret if regret R(T')

is sublinear in 7'. An algorithm that outputs such sequences
is a no-regret algorithm — this intuitively means that the
agent’s performance is competitive w.r.t. any fixed policy.

Near-optimality of No-regret Dynamics. Because agent
As could be adapting to the policies of agent A1, this is
an adaptive learning setting, and the notion of regret can
become less useful. This is where the smoothness criterion
comes in. We will show that it suffices to minimize the
regret R(T") in order to obtain near-optimal performance.

Using an analysis similar to Syrgkanis et al. (2015), we es-
tablish the near-optimality of no-regret dynamics defined
w.r.t. the optimal return OPT, as stated in the following
lemma:

Lemma 1. For a problem with (X, j1)-smooth MDP, return
V' is lower bounded by:

_ 1+ 2=

7> opro 1 RUCVNPY e
L+ p l+p T M-(1—e%)

Proof. See Appendix D for the proof. O

Lemma | implies that as the number of episodes 7" and the
number of rounds M go to infinity, return V' converges to
a multiple ﬁ of the optimum OPT, provided that agent
A; is a no-regret learner. In the next section, we design
such no-regret learning algorithms for agent A;.

4. Learning Algorithms

We base our approach on the expert learning literature for
MDPs, in particular that of Even-Dar et al. (2005; 2009).
The basic idea is to associate each state with an experts al-
gorithm, and decide on a policy by examining the ()-values
of state-action pairs. Thus, the ) function represents a re-
ward function in the expert terminology.

4.1. Experts with Periodic Restarts: EXPRESTART

In cases when agent A5 has no influence on transitions,
the approach of Even-Dar et al. (2005; 2009) would yield
the no-regret guarantee. The main difficulty of the present
setting is that agent A5 can influence the transitions via its
policy. The hope is that as long as the magnitude of policy
change by agent A5 across episodes is not too large, agent
A1 can compensate for the non-stationarity by using only
recent history when updating its policy.

A simple way of implementing this principle is to use a no-
regret learning algorithm, but periodically restarting it, i.e.,
by splitting the full time horizon into segments of length
T, and applying the algorithm on each segment separately.
In this way, we have well-defined periods {1,...,T'}, {T" +
1,.,2-T}, .., {T =T +1,..,T}. As a choice of an
expert algorithm (the algorithm associated with each state),
we use Optimistic Follow the Regularized Leader (OFTRL)
(Rakhlin & Sridharan, 2013; Syrgkanis et al., 2015). Our
policy updating rule for segment [, with starting point 7 =
14 (I —1)-T, can be described as:

t—1
w'i(s) = arg max <Z Qi(s) + Qt_1(3)> wi + @

wePa, o
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fort € {r,...,1-T'}, and:

m!i(s) = argmax w) fort = 7.

wePa; €

Qy(s) denotes a row of matrix Qy, (see Section 2.3),* w
is a row vector from probability simplex P4,, T denotes
the transpose operator, R is a 1-strongly convex regular-
izer w.r.t. norm ||-||;, and € is the learning rate. This
approach, henceforth referred to as experts with periodic
restarts (EXPRESTART), suffices to obtain sublinear regret
provided that the segment length I" and learning rate e are
properly set (see Appendix G).

One of the main drawbacks of experts with periodic restarts
is that it potentially results in abrupt changes in the pol-
icy of agent A;, this occurring when switching from one
segment to another. In practice, one might want to avoid
this, for example, because agent A2 (e.g., representing a
person) might negatively respond to such abrupt changes
in agent A;’s policy. Considering this, we design a new
experts algorithm that ensures gradual policy changes for
agent A; across episodes, while achieving the same order
of regret guarantees (see Section 5.4 and Appendix G).

4.2. Experts with Double Recency Bias: EXPDRBIAS

Utilizing fixed segments, as in the approach of EX-
PRESTART, leads to potentially rapid policy changes after
each segment. To avoid this issue, we can for each episode
t consider a family of segments of different lengths: {¢ —
L, th {t =T +1,..,t}, ..., {¢ — 1,¢}, and run the
OFTRL algorithm on each segment separately. The pol-
icy in episode ¢t can then be defined as the average of the
OFTRL outputs. This approach, henceforth referred to
as experts with double recency bias (EXPDRBIAS), can
be implemented through the following two ideas that bias
the policy selection rule towards recent information in a
twofold manner.

Recency Windowing. The first idea is what we call re-
cency windowing. Simply put, it specifies how far in the
history an agent should look when choosing a policy. More
precisely, we define a sliding window of size I" and to de-
cide on policy 7r'; we only use historical information from
periods after ¢ — I'. In particular, the updating rule of
OFTRL would be modified for ¢ > 1 as 7!;(s) =

t—1

arg max ( S Quls)+ Qt—l(s)) wi

WEPA, k=max(1,t—T")

Riw)

€

“Given w'; and 7r2t, we can calculate Q; from the Bellman
equation using standard dynamic programming techniques.

Algorithm 1: EXPDRBIAS

Input: History horizon I', learning rate e
begin
Initialize: Vs, compute 71 (s) using Eq. (2)
for episode t € {1,...,T} do
Vs, commit to policy 7t (s)
Obtain the return V;
Observe agent As’s policy 72,
Calculate Q-values Q;
Vs, compute 7', 1 (s) using Eq. (3)
end

end

and:

R(w)

w!i(s) = argmax fort = 1. 2)

wePa; €

Recency Modulation. The second idea is what we call re-
cency modulation. This creates an averaging effect over the
policies computed by the experts with periodic restarts ap-
proach, for different possible starting points of the segmen-
tation. For episode ¢, recency modulation calculates policy
updates using recency windowing but considers windows
of different sizes. More precisely, we calculate updates
with window sizes 1 to I', and then average them to ob-
tain the final update. Lemma 3 shows that this updating
rule will not lead to abrupt changes in agent .4;’s policy.

To summarize, agent A; has the following policy update
rule fort > 1:

rlt(s) =

r
> wir(s), 3)
T=1

==

where w; - (s) =

t—1
argmax ( Z

wEPA, k=max(1,t—7)

Riw)

€

Quls) + Qt_1<s)) wh+

For t = 1, we follow equation update (2). The full de-
scription of agent A;’s policy update using the approach
of EXPDRBIAS is given in Algorithm 1. As with EX-
PRESTART, EXPDRBIAS leads to a sub-linear regret for
a proper choice of € and I', which in turn results in a near-
optimal behavior, as analyzed in the next section.

5. Theoretical Analysis of EXPDRBIAS

To bound regret R(T'), given by equation (1), it is useful to
express difference 7, (m!) — n;(m!;) in terms of Q-values.
In particular, one can show that this difference is equal to

drion2, - (Q{"l - Qt’rl“) (see Lemma 15 in Appendix B).
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By the definitions of Qt”I and Qtﬂlt, this implies:
77t(7"1) - nt(ﬂlt) = d7'r177'r2t : <7T1 - 7Tlta Qt> .

If d 1 2, was not dependenton ¢ (e.g., if agent Ay was not
changing its policy), then bounding R(7") would amount
to bounding the sum of terms (mw! —=!;, Q). This
could be done with an approach that carefully combines
the proof techniques of Even-Daretal. (2005) with the
OFTRL properties, in particular, regret bounded by vari-
ation in utilities (RVU) (Syrgkanis et al., 2015). However,
in our setting d 1 .2, is generally changing with ¢.

5.1. Change Magnitudes of Stationary Distributions

To account for this, we need to investigate how quickly dis-
tributions d 1 2, change across episodes. Furthermore, to
utilize the RVU property, we need to do the same for dis-
tributions d 1, »2,. The following lemma provides bounds
on the respective change magnitudes.

Lemma 2. The difference between the stationary distribu-
tions of two consecutive episodes is upper bounded by:

p1+ 12 pa
||d7"1t-,ﬂ'2t - d"rlt—l-,ﬂ'2t—1H1 < - _1 -
l—ew
Furthermore, for any policy 1 :
I - pa
|dnt 72, — it 2, ||, < ——.
l—ew
Proof. See Appendix E.3. O

5.2. Properties Based on OFTRL

The bounds on the change magnitudes of distributions
dn1 n2, and dr1, 2, which will propagate to the final re-
sult, depend on agent A;’s policy change magnitude p;.
The following lemma provides a bound for p; that, together
with the assumed bound on p», is useful in establishing no-
regret guarantees.

Lemma 3. Foranyt > 1l and 1 < 7 < T, the change
magnitude of weights w » in EXPDRBIAS is bounded by:

. 9-¢
[Wer = Wi 11l < minq2, 1o 2

— e w

Consequently:

<mind2, ¢ 42
P1 > 5 1— 6_% T .
Proof. See Appendix E.2. O

Now, we turn to bounding the term (m' — 'y, Qq).
Lemma 4 formalizes the RVU property for EXPDR-
BIAS using the L; norm and its dual Lo, norm, de-
rived from results in the existing literature (Syrgkanis et al.,

2015).> Lemma 4 shows that it is possible to bound
(m! — w4, Q;) by examining the change magnitudes of
Q-values.

Lemma 4. Consider EXPDRBIAS and let 1 denote col-
umn vector of ones with |S| elements. Then, for each
episode 1 <t <T —TI'+ 1 of EXPDRBIAS, we have:

r
Z <7Tl — Witr—1,7 Qt+771>
T=1

r
Ar 2
<1- (T +€- E ||Qt+7'71 - QtJrT*Q“max

T=1
1 & 5
_ﬂ : Z ||Wt+7'71.,7' - WtJFT*Q-,T*lHoo 5
T=1

where Wyi._1, are defined in (3), Ag =
SUpyep,, R(W) — infwep,, R(W), and wl is an
arbitrary policy of agent Aj.

Proof. See Appendix E.1. |

5.3. Change Magnitudes of ()-values

We now derive bounds on the change magnitudes of Q-
values that we use together with Lemma 4 to prove the
1
main results. We first bound the difference Qfl QT
which helps us in bounding the difference Q; — Q1.

1
Lemma 5. The difference between QF *-values of two
consecutive episodes is upper bounded by:

Qﬂ'lt _ 7Tlt—1
t t—1

< OQ""v
oo

where Cgr = 3 - prilapa | 9. pitpr
(1—ew)2 l—ew

Proof. See Appendix E.4 for the proof. |

Lemma 6. The difference between Qq-values of two con-
secutive episodes is upper bounded by:

2
1Q: — Qi—tllax < CZ),

whereCQzCQw—i—(l T +1> 'p1+2'P2+p11+%£2-

Proof. See Appendix E.5 for the proof. O
For convenience, instead of directly using C, we consider
a variable C,, such that C, > %. The follow-

ing proposition gives a rather loose (but easy to interpret)
bound on C, that satisfies the inequality.

3 An extended version of the lemma, which is needed for the
main result, is provided in Appendix E.1.
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Proposition 1. There exists a constant C, independent of
p1 and pa, such that:®
Co 18

— 5 <0, <—_
max{p, p2} (1—e )2

Proof. The claim is directly obtained from Lemma 5,

Lemma 6, and the fact that /o < 1 and 17 > 1. O
1—e

€|

5.4. Regret Analysis and Main Results

We now come to the most important part of our analysis:
establishing the regret guarantees for EXPDRBIAS. Us-
ing the results from the previous subsections, we obtain the
following regret bound:

Theorem 1. Let the learning rate of EXPDRBIAS be
equal to ¢ = - and let k > 0 be such that p; < k - ¢

I'a
and ps < k - €. Then, the regret of EXPDRBIAS is upper-
bounded by:

R(T)<2-(Ag+k*-C?).T-T"%
61z p2

22 .
(1—e"w)?

+

Proof. See Appendix F for the proof. O

When agent Ay does not influence the transition kernel
through its policy, i.e., when Iy = 0, the regret is O(T'7)
for I' = T'. In this case, we could have also applied the
original approach of Even-Dar et al. (2005; 2009), but in-
terestingly, it would result in a worse regret bound, i.e.,
(’)(T%). By leveraging the fact that agent A5’s policy is
slowly changing, which corresponds to reward functions
in the setting of Even-Dar et al. (2005; 2009) not being
fully adversarial, we are able to improve on the worst-
case guarantees. The main reason for such an improve-
ment is our choice of the underlying experts algorithm,
i.e., OFTRL, that exploits the apparent predictability of
agent Ajy’s behavior. Similar arguments were made for
the repeated games settings (Rakhlin & Sridharan, 2013;
Syrgkanis et al., 2015), which correspond to our setting
when the MDP consists of only one state. Namely, in the
single state scenario, agent Ay does not influence transi-
tions, so the resulting regret is O(Ti ), matching the results
of Syrgkanis et al. (2015).

In general, the regret depends on ps. If p; = O(T %) with
0<a< I thenl = O(T7*) equalizes the order of
the two regret components in Theorem 1 and leads to the
regret of (’)(Tl_%'a). This brings us to the main result,
which provides a lower bound on the return V:

®When p; = p2 = 0,C,, > 1.

Theorem 2. Assume that po = O(T~%) for o > 0. Let

€= F% and T = min{T7*, T}. Then, the regret of EXP-
4

DRBIAS is upper-bounded by:

R(T) = O(T™>{1- 74},

Furthermore, when the MDP is (\, p)-smooth, the return
of EXPDRBIAS is lower-bounded by:
A

V> . opr— o=tk

OM™h).
T ( )

Proof. Notice that 19% > % forT' > 1. By Lemma
3, this implies that theree exists a fixed k (not dependant on
T) such that p; < k - € for large enough T". Furthermore,
e=T" mi“{?a’i}, so there exists a fixed £ such that po <
k - € for large enough 7. Hence, we can apply Theorem 1
to obtain an order-wise regret bound: O(T-T'~3) + O(p, -
T-T).

Now, consider two cases. First, let o« < %. Then, we obtain:

R(T)=O(T-T"%)+ O(py - T-T)
—OT-T T+ + O -T-T+%) =O(T* 7).

For the other case, i.e., when o« > %, we obtain:

R(T)=O(T -T~ %)+ O(py- T -T)
=O(T - T H)+O(T*-T-T)=0(T%).
Therefore, R(T) = O(T™a{1=%-.3}) which proves the
first statement. By combining it with Lemma 1, we obtain
the second statement. O

The multiplicative factors in the asymptotic bounds mainly
depend on mixing time w. In particular they are dom-

inated by factor —— and its powers, as can be seen

l—e w

from Lemma 1, Theorem 1, and Proposition 1. Note that
Lemma 3 allows us to upper bound k in Theorem 1 with

O ( L ) Furthermore, —2
l—e w

~ w for large enough

1
1—e"
w. Hence, these results imply O(w®) dependency of the
asymptotic bounds on w. This is larger than what one
might expect from the prior work, for example the bound
in Even-Dar et al. (2005; 2009) has O(w?) dependency.
However, our setting is different, in that the presence of
agent A5 has an effect on transitions (from agent .4;’s per-
spective), and so it is not surprising that the resulting de-
pendency on the mixing time is worse.

6. Hardness Result

Our formal guarantees assume that the policy change mag-
nitude p2 of agent Aj is a decreasing function in the num-
ber of episodes given by O(T~) for @ > 0. What if we
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relax this, and allow agent A5 to adapt independently of the
number of episodes? We show a hardness result for the set-
ting of & = 0, using a reduction from the online agnostic
parity learning problem (Abbasi et al., 2013). As argued in
Abbasi et al. (2013), the online to batch reduction implies
that the online version of agnostic parity learning is at least
as hard as its offline version, for which the best known algo-

n

rithm has complexity 2O(m) (Kalai et al., 2008). In fact,
agnostic parity learning is a harder variant of the learning
with parity noise problem, widely believed to be compu-
tationally intractable (Blum et al., 2003; Pietrzak, 2012),
and thus often adopted as a hardness assumption (e.g.,
Sharan et al. (2018)).

Theorem 3. Assume that the policy change magnitude po
of agent As is order QU(1) and that its influence is I = 1.
If there exists a poly(|S|,T') time algorithm that outputs a
policy sequence 'y, ..., wlp whose regret is O(poly(|S|) -
TP) for B < 1, then there also exists a poly(|S|,T) time
algorithm for online agnostic parity learning whose regret
is O(poly(|S|) - T7).

Proof. See Appendix H. O

The proof relies on the result of Abbasi et al. (2013) (The-
orem 5), which reduces the online agnostic parity learning
problem to the adversarial shortest path problem, which
we reduce to our problem. Theorem 3 implies that when
a = 0, it is unlikely to obtain R(T') that is sub-linear in T
given the current computational complexity results.

7. Related Work

Experts Learning in MDPs. Our framework is closely
related to that of Even-Dar et al. (2005; 2009), although
the presence of agent A, means that we cannot directly
use their algorithmic approach. In fact, learning with an
arbitrarily changing transition is believed to be compu-
tationally intractable (Abbasi et al., 2013), and computa-
tionally efficient learning algorithms experience linear re-
gret (Yu & Mannor, 2009a; Abbasi et al., 2013). This is
where we make use of the bound on the magnitude of
agent Ay’s policy change. Contrary to most of the existing
work, the changes in reward and transition kernel in our
model are non-oblivious and adapting to the learning algo-
rithm of agent .4;. There have been a number of follow-
up works that either extend these results or improve them
for more specialized settings (Dick et al., 2014; Neu et al.,
2012; 2010; Dekel & Hazan, 2013). Agarwal et al. (2017)
and Singla et al. (2018) study the problem of learning with
experts advice where experts are not stationary and are
learning agents themselves. However, their focus is on de-
signing a meta-algorithm on how to coordinate with these
experts and is technically very different from ours.

Learning in Games. To relate the quality of an opti-

mal solution to agent A;’s regret, we use techniques sim-
ilar to those studied in the learning in games literature
(Blum et al., 2008; Roughgarden, 2009; Syrgkanis et al.,
2015). The fact that agent Ay’s policy is changing
slowly enables us to utilize no-regret algorithms for learn-
ing in games with recency bias (Daskalakis et al., 2011;
Rakhlin & Sridharan, 2013; Syrgkanis et al., 2015), pro-
viding better regret bounds than through standard no-
regret learning techniques (Littlestone & Warmuth, 1994;
Freund & Schapire, 1997). The recent work by Wei et al.
(2017) studies two-player learning in zero-sum stochastic
games. Apart from focusing on zero-sum games, Wei et al.
(2017) adopt a different set of assumptions to derive regret
bounds and their results are not directly comparable to ours.
Furthermore, their algorithmic techniques are orthogonal
to those that we pursue; these differences are elaborated in
Wei et al. (2017).

Human AI Collaboration. The helper-Al prob-
lem (Dimitrakakis et al., 2017) is related to the present
work, in that an Al agent is designing its policy by account-
ing for human imperfections. The authors use a Stack-
leberg formulation of the problem in a single shot sce-
nario. Their model assumes that the Al agent knows the
behavioral model of the human agent, which is a best re-
sponse to the policy of the Al agent for an incorrect tran-
sition kernel. We relax this requirement by studying a
repeated human-Al interaction. Nikolaidis et al. (2017)
study a repeated human-Al interaction, but their setting
is more restrictive than ours as they do not model the
changes in the environment. In particular, they have a
repeated game setup, where the only aspect that changes
over time is the “state” of the human representing what
knowledge the human has about the robot’s payoffs. Prior
work also considers a learner that is aware of the pres-
ence of other actors (Foerster et al., 2018; Raileanu et al.,
2018). While these multi-agent learning approaches ac-
count for the evolving behavior of other actors, the underly-
ing assumption is typically that each agent follows a known
model.

Steering and Teaching. There is also a related literature
on “steering” the behavior of other agent. For example, (i)
the environment design framework of Zhang et al. (2009),
where one agent tries to steer the behavior of another
agent by modifying its reward function, (ii) the cooperative
inverse reinforcement learning of Hadfield-Menell et al.
(2016), where the human uses demonstrations to reveal a
proper reward function to the Al agent, and (iii) the advice-
based interaction model (Amir et al., 2016), where the goal
is to communicate advice to a sub-optimal agent on how
to act in the world. The latter approach is also in close
relationship to the machine teaching literature (Zhu et al.,
2018; Zhu, 2015; Singlaetal., 2013; Cakmak & Lopes,
2012). Our work differs from this literature; we focus on
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joint decision-making, rather than teaching or steering.

8. Conclusion

In this paper, we have presented a two-agent MDP frame-
work in a collaborative setting. We considered the problem
of designing a no-regret algorithm for the first agent in the
presence of an adapting, second agent (for which we make
no assumptions about its behavior other than a requirement
that it adapts slowly enough). Our algorithm builds from
the ideas of experts learning in MDPs, and makes use of a
novel form of recency bias to achieve strong regret bounds.
In particular, we showed that in order for the first agent to
facilitate collaboration, it is critical that the second agent’s
policy changes are not abrupt. An interesting direction for
future work would be to consider the partial information
setting, in which, for example, agent .4; has only a noisy
estimate of agent As’s policy.
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A. List of Appendices

In this section we provide a brief description of the the content provided in the appendices of the paper.

1. Appendix B contains the statements and the corresponding proofs for the MDP properties that we used in proving the
technical results of the paper.

2. Appendix C provides a relationship between the smoothness parameters introduced in Section 3 and structural prop-
erties of our setting.

3. Appendix D provides the proof of Lemma 1, which connects no-regret learning with the optimization objective (see
Section 3).

4. Appendix E provides the proofs of the lemmas related to our algorithmic approach that are important for proving the
main results.

5. Appendix F provides the proof of Theorem 1, which establishes the regret bound of Algorithm 1 (see Section 5.4).
6. Appendix G describes the properties of experts with periodic restarts (see Section 4.1).

7. Appendix H provides the proof of Theorem 3, which establishes the hardness of achieving no-regret if agent A3’s
policy change is not a decreasing function in the number of episodes (see Section 6).
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B. Important MDP properties

To obtain our formal results, we derive several useful MDP properties.

B.1. Policy-reward bounds

The first policy reward bound we show is the upper-bound on the vector product between 7!, and 7;.

Lemma 7. The policy-reward dot product is bounded by:
[t <1

Proof. The definition of (,) gives us:

H<7rlt,rt>Hoo = msax| Z wi(s,a) -ri(s,a)| < max Z |mi(s,a) - ri(s,a)| < max Z wi(s,a) - |ri(s,a)]

aleA aleA ateA
1
< max Z 7 (s,a) =1,
aleA
where we used the triangle inequality and the boundedness of rewards. O

Note that the lemma holds for any 7!; and r; (i.e., for any 7! and 7). Furthermore, using the following two lemmas, we
also bound the difference between two consecutive policy-reward dot products. In particular:

Lemma 8. The following holds:
lre = reil o < Hﬂ'Qt — 77216—1H00 < p2,
H<7Tlt77“t> - <771t7Tt—1>

H<7Tlt7'rt—l> - <7l'1t—177't—1>

< pa,

HOO

< p1,

HOO

forallt > 1.

Proof. To obtain the first inequality, note that:

e = Pe—1llmax = maf<|7’t(8,al) —ri1(s,at)] < maf(| Z r(s,at,a®) - (w2(s,a%) — w21 (s, %))
5a ’ a?2cAs
< max Z |72 (s,a%) — w2_1(s,a%)| = ||7r2t — 772,5,1HOO < pa,
? a?2c€As

where we used the triangle inequality and the fact that |r(s, a', a®)| < 1. The second inequality holds because:

[(mtere) = (e men)|| o = (Kt re —reon) || = max| Y0 whi(s,al) - (rels, at) = reei(s,at))]
aleAq
< max|ri(s,at) = r-1(s,ah)| = e = 7|l pay < P2

s,a

where we used the triangle inequality, the fact that 7w1; (s, a') € P4, , and the first inequality of the lemma (proven above).
Finally, we have that:

||<7Tlt77't71> - <771t7177't71>||oo = H<ﬂ'1t - 7Tlt—1,7’t71>Hoo = m§X| Z (Wlt(sval) - ﬂ'ltfl(sval)) 'Tt71(57a1)|
al€Aq
<max Y |wli(s,al) —wlia(s,al)] = |7 — w2 <,
s o0
ale Ay
where again we used the triangle inequality and the fact that |r;(s,a')| < 1 (boundedness of rewards). O

We will also need a bit different, albeit similar, statement when it comes to the third property of Lemma 8.
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Lemma 9. Let p, p’, and M be matrix of dimension |S| X |A1|, with restriction that the rows of p and p' are elements of
probability simplex Pa,, i.e., p(s),p'(s) € Pa,. The following holds:

I{p, M) — (p', M), <2 [|M]|

max *

Proof. Similar to the third claim in the previous lemma:

I(p, M) = (', M), = Il{p = 2/, M), <max| Y (p(s,a') —p/(s,a")) - M(s,a")]

alcAq
<max 3 [p(s,a') — P'(5,01)] - [ M|y =2 [ M.
ale Ay
where the last inequality is obtained from the fact that p(s),p’(s) € Pa,. O

B.2. Transition kernel bounds

The following lemma provides bounds on the effective transition kernel change due to the agents’ policy changes.

. . . / /
Lemma 10. For generic policies 7l 7l w2, and ©2, we have:

HP.,,J_].,# - P.,‘.ly.,‘.z/

2 2/
B il e

HPﬂ.l)ﬂ.2 - P, < Hﬂ'l — 771/H <m
oo

1 w2 || [e'e)
Proof. W.l.0.g., we restrict our analysis to the first inequality. We have:

wmmax Y[ Y Plsiala?sue) - w(s,a) - (w(s,0%) — 7 (s,0%)

Snew€S al€Ai,a?2€As

< max Z P(s,a',a?, spew) - (s,a") - |73 (s,a%) — 7r21($, a?)|
* snew€S.aleAra?eA;

= max Z wl(s,a') - |w2(s,a®) — 7% (s,a?)| = max Z |72(s,a?) — 7' (s,a?)|
S S

al€Ai,a2€ Ay a?€As

HP.,,J_].,# — P.,‘.17.,‘.2/

/
= H7‘r2—7'r2 < pa2.

o0

where we used the fact that w! € Py, while P(s,a',a?, s,ew) is an element of the probability simplex over the state
space for given s, a' and a?. O

The direct consequence of the lemma is the bound on agent A5’s influence:

Corollary 1. Influence I of agent Ay takes values in [0, 1].

Proof. The lower bound of I5 follows trivially from the definition. The upper bound is obtain from Lemma 10:

HP 1 2 —P 1 27
T,TC ™ ,T
Ib = max . . < < max qT—— =1

/
wl w24 m2! HTI’2 — 72 || wl w242
o

O

An analogous result holds for agent A;’s influence. Moreover, we provide bounds for kernel Py, (s,a') and its change
magnitude:

. .. I
Lemma 11. For generic policies 72, and w2, we have:

3

HP,,z (s,a') — P.,,z/(s,al)Hl < HTI’Q(S) - 7r2l(s) .
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Proof. By the definition of P(s,a',a?), we know that || P(s, a', a?)||, = 1. Therefore:

| Prz(s,a") — P.,,w(s,al)Hl < Z (w2(s,a%) — 7% (s,a?)) - P(s,a", a?)

a?2€As 1

— By the triangle inequality

< Z |72 (s,a%) — 7' (s,a?)| - |P(s,a", a®)||, < Z |72(s,a%) — 7% (s,a?)| = HTI'Q(S) .

a2€eAs a2€As

B.3. State distribution bounds

/

(s)]

. .

In this subsection, we develop a series of bounds on state distribution difference important for the development of our
formal results. The first result quantifies the change in the state distribution difference due to the change of agent A5 policy.

. . . ! !
Lemma 12. For generic policies 7', w'', w2 and w%', we have:
1
Hdﬂ'lﬂrz_dﬂ'l || S ———1 HPﬂ'lmz—Pﬂ'l-ﬂ'z’ J
T e e
1
"dﬂ17ﬂ2 — dﬂ1/7ﬂ2"1 < 71 — - "Pﬂ17ﬂ2 — Pﬂ.u_’ﬂ.zHOO .
e

Proof. W.l.o.g., we restrict our analysis to the first inequality. We have:

[ drt w2 = drt m2r||; = ||dt 52 - Pt g2 — it gor - Prea o

1
— by rearranging

= ||dnt z2 - (Pri w2 — Pra g2r) 4 (dt 2 — digt g2r) - Pra o
— by triangle inequality

< s - (Pt = P o)y + s s — i ) P |

— Def. operator norm and the mixing assumption

1

1

€=

< |tz |y - (1Pt 2 = Pros | + [l s w2 = s e[ - €7

< "Pﬂ17ﬂ2 - Pﬂ.1_’ﬂ.2/

1'6 w .

o + Hd""lv""z - dﬂ17ﬂ2/

By rearranging the terms we obtain the claim.

O

Now, let us also bound L, distance between state distribution d; ,,, and stationary distributions d1, >,. We obtain the

following result following the calculations in Lemma 2 of (Even-Dar et al., 2005):
Lemma 13. The L, distance between d; , and dy1, x», is for any T' > 1 bounded by:

Hdt,m - dﬂ.lhﬂ.thl <2 e e

Proof. Using the properties of d and P and the mixing assumption, we have

||dt,m - dﬂ'lhﬂ'2tH1 - H(dt,mfl - dﬂ'lt,ﬂ'2t) ’ PTflt77"2tH1 < Hdt,mfl B d"'lt77"2t||1 e

— By induction

m m—1

S Hdt;l _d‘l\'lt-,ﬂ'thl : 6_ ;1 S 2 . e_ w

1

w

O

Furthermore, the following lemma describes the relation between the change rate of the distance between state distribution
d; ., and stationary distributions d 1, »2,. In particular, the lemma provides a bound on the cumulative distributional

change magnitude w.r.t. the agents’ policy change magnitudes.
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Lemma 14. Fort > 1, let Sy zr denote the cumulative change magnitude of the L distance between d; ,, and d1, »2,
over M rounds:

M
St7M = Z H(dt;m _d"\'lt-,ﬂ'zt) - (dt—l,m _d""ltfly"rztfl)Hl
m=1

Then limps o0 S¢, v is bounded by:

p1+ 12 po

lim Sia <3-
Mose TBM = (1— 6—5)2

Proof. Due to the triangle inequality and Lemma 13, we have that:

H(dt,m - d‘rrlt,-/rzt) - (dt—l,m - dﬂ'lt,l,ﬂ-%,l)Hl < Hdt,m - d‘rrlt,-/rzt Hl + Hdt—l,m - d‘lrlt,l.,ﬂ'zt,l Hl
-1

<d4.e "%

Therefore, we know Sy ps converges absolutely and there exists limit lim s, S¢,ps. Furthermore, since d; 1 = d;—1 1,
we have:

M
St7M - Hd"\'lt-,ﬂ'zt - dﬂ'lt—l-,ﬂ'zt—l Hl = Z H(dt;m - d7\'1t-,71'2t) - (dt—l,m - d7\'1t—177\'2t—1)H1

m=2

— By dP = d properties

M
< E ||(dt7m*1 - dﬂ'lt;ﬂ'2t) ' Pﬂ'lt7772t - (dt,17m71 - dﬂ1t7177"2t71) ’ Pﬂlt7177"2t71 ||1
m=2

— + and — additional terms and the triangle inequality

M
< Z H((dt,m—l - d7r1t,7-r2t) - (dt—l,m—l - d‘rrlt,l,‘lrzt,l)) ' P‘rrlt,‘lrztul
m=2

M
+ Z H(dt—l,m—l - d7\'1t—177\'2t—1) ’ (Pﬂ'lty"rzt - Pﬂ'ltfly"rztfl)Hl
m=2

: (d‘rrlt,-/rzt + dt—l,m—l)

N~

(dim—1+ drr, | 2, ,)andd =

N~

— Denote: d =

M M
= Z 2: H(d - d/) ’ Pﬂ'ltv"rszl + Z H(dt—l,m—l - dﬂ'lt—l-,ﬂ'zt—l) : (P"\'lt-,ﬂ'Qt - P"flt—l-,ﬂ'ztfl)Hl
m=2 m=2
— Bt the mixing assumption + Holder’s inequality and the operator norm definition
M M
< Z 2- ||d — d/Hl : 67% + Z ||dt71.,m71 - dw1t71,ﬂ'2t—1 Hl ’ HPﬂ'lt,ﬂ'% - Pﬂ'lt—177"2t—1 ||oo
m=2 m=2
— By the triangle inequality
M ) M
< Z 2- ”d - dl”l e e + Z ||dt_1)m_1 - dﬂ'ltfl-,ﬂ'zt—l Hl : (Hpﬂ'ltﬂfzt - Pﬂ'lt—ly"rzt Hoo + HPﬂ'lt—ly"rzt - Pﬂ'lt—l-,ﬂ'zt—l ||oo)
m=2 m=2

— Defs. of d and d', def. of I, and Lemma 10

M M
< Z H(dt,m—l —drt, x2,) — (di—1m—1 — dwlt,l,wzt,l)Hl ceTE 4 Z Hdtfl,mfl —dn, | m2, Hl “(p1+ 1z p2)
m=2 m=2

— Relabeling and Lemma 13

m—1
w o

M-1
—e 5 Sy 4+2-(p 41 pa)- Z e

=1
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Together with Lemma 2, this gives us:

M—1

-1 + 1> _m=1 + I -
Sy —e “IJ'SM—l Smiif+2'(ﬂl+]2'p2)' Ze - §3.p172752_
l—ew — l—ew
By taking the limit M/ — oo, we obtain:
I -
1im S]\4§3'4p1+ 21p27
M —o0 (1_6—3)2
which completes the proof. |

B.4. Average Reward

Now, we relate the average reward to (-values, which is important for the analysis of our algorithmic approaches. The
following result is an adaptation of Lemma 7 of (Even-Dar et al., 2005) to our setting:

Lemma 15. For any joint policy 7, we have:
1 1
me(mwh) — (') = dpr g2, - (QT — Q™ ).
Proof. By the definition of Q;™ :

1
1
dﬂ'l,ﬂ'zt : Qtﬂ- - dﬂ'l,ﬂ'zt ' <7T aQt> .

The Bellman equation gives us:

1
Qi(s1,a') =re(s1,a") —ne(mw'y) + Pz, (s1,a') - Q™ °.

Plugging its right hand side into the right hand side of the above equation, we obtain:

1 1
d‘lrl,‘lrzt : Qtﬂ- = d7r1,7'r2t : <7717’I“t> — d.,‘-ly.,‘-zt -1- 77,5(71'1,5) =+ d.,‘.177‘.2t 'Pﬂ-l_’ﬂ-2t . Qtﬂ- t
1
=ne(m') = (') + dr 2, - Qi

where 1 is a column vector of ones with |S| elements. Rearranging yields the result. O

B.5. Bound on (Q-values

To make our analysis sound, we also ought to bound the ()-values themselves. We can use an approach similar to Lemma
3 of (Even-Dar et al., 2005) to obtain:

Lemma 16. It holds that HQ?lt < - 2, and consequently |Q;(s,a")| < - 5 and || Q| oy < - 3
oo —e w —e w —e

€|

Proof. To evaluate Q,’flf (s), consider dy (s") = 1,4 . Then, from Lemma 13 we know that:

|E [7¢(sm.a'm) = me(w'e)|s1 = s, 70" ]| = |E [re(sm, a'm) — m(w'e)|dy, 7] |

= ‘dt,m . <7T1,’l"t> — dﬂ.l)ﬂ.zt . <7T1,’l"t>| S ||dt,m — dﬂ'lhﬂ'2tH1 S 2- efmT

where we used the fact that 7 (') = dy1 2, - (7!, 1) . Therefore, we obtain that:

o0 oo
1
QF () = [B | Y rilsmralm) —m(m')lsy = s, || SB Y [rilsm, alm) — me(mhs)] |51 = 5,74
m=1 m=1

> _m-1 2
SLreT S
m=1
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which proves the first statement.

The second inequality (and hence, the third) can be obtained from the Bellman’s equation:
1
Q:(s,a')] = |re(s,a’) = me(m'e) + Pre, (s.a') - Q7 |
— By the triangle inequality

1
< [ri(s,a') = me(m'y)| + | Prz, (s,0") - QT |
— By Holder’s inequality

<1+ || Prz, (s, 0|, - HQflt

<1+
00 1—e"

€=
—
|
o
|
€=
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C. Connection to the smoothness parameters

Interestingly, we can link the notion of influence to that of the smoothness criterion. To do so, it is useful to define the
diameter of the policy space for each of the two agents. For agent .A;(and analogously for agent As), the diameter is
defined as:

Aﬂ'l = sup Z |7T1(87a1) _771/(810/1”
ot SR,

1/

= sup o

wl o wl/Awl

oo

For simplicity of exposure, we will assume that the reward function is only a function of state, and that we can determine
a lower bound on the optimal average reward 77,2+ (7!"), denoted by 77 < 72+ (7'"), as well as the mixing time w. Let us
relate the maximum average reward to the influence variables using factors:

(1 ,i) 7
ki=|l—-e v ) —7—7,
2-1; - Ap,

which approach infinity as I; — 0 or A, — 0. Intuitively, agent 7 with low influence or low diameter will not be able to
negatively influence the obtained reward, implying higher ;. The following proposition gives a more exact relationship
between the smoothness parameters (A, i) and factors ;.

Proposition 2. Consider an MDP with a reward function that is only a function of state (i.e., r(s,a',a?) = r(s, at’, a2/))
and the agents’ policy spaces with for which ko > k1 > 1. Then the MDP is (X, j)-smooth with:
A S P1 ) 2- Ro — 1’
p1—p2 2K
D2 2- R1 — 1

ILLZ : )
p1—p2 2-K1—2

where py and ps are free parameters such that p1 > pa > 0.
Proof. See below. |

Condition k2 > k1 > 1 simply tells us that agent .4; is more influential than agent .49, while the optimal average reward
is by a factor greater than the agents’ influences. As ko — 00, we have that the upper bound on A approaches plp_lpz. By
setting po = 0, we obtain that \ is equal to 1, which means that agent .4;’s optimal policy is the same as when she assumes
that agent A, is acting optimally. Hence, agent .A; can technically, with a proper policy, achieve zero regret. In general,
ko will indicate the degradation in utility, i.e., minimum value of agent .4;’s regret over the possible choices of agent As’s

policy. We can similarly analyze other cases.

C.1. Proof of Proposition 2

Bound on the differences of average rewards To prove the proposition we use the following bounds on the difference
between average rewards:

Lemma 17. Consider the policies from Definition I and assume that reward function is only state dependent. It holds that:

1

s (8") = e (617) € Lo+ A
* 1
a2 (7'7) = o (wh)] < PR, Iy Agy,
* 1
|n.,,2*(7r1 ) — 77.,,2(7r1)| < T (I Ay + 1z Ary).

Proof. Using the definition of 7:

|777r2(771*) - 7771'2*(771*” < ‘dﬂ'l*,ﬂ'z ' <7Tl*7rﬂ2> - dﬂ'l*,ﬂ'z* : <7T1*,7"ﬂ.2*>‘



Learning to Collaborate in Markov Decision Processes

— by the triangle inequality and + and — additional terms

* * * *
< ‘dﬂ.l*m.z . <7‘r1 ,’I’ﬂ.z> — dﬂ-l*,ﬂ-2* . <7’l’1 ,7",,2>‘ + dﬂ-l*,ﬂ-2* : <7‘r1 ,7",1.2> —dﬂ1*77r2* . <7’l’1 ,7",1.2*>‘

— by Holder’s inequality
) ) ()
o0 o0

— (Generalized) Lemma 7 + reward func. is only state dependent, i.e., 7> = r*

< "dﬂ1*7ﬂ2 — d.,‘.1*77‘.2*

< Hd,r1*77r2 — dﬂ.1*7ﬂ.2*

1

— Lemma 12

< % . Pﬂ-l*,ﬂ.2 — Pﬂ.l*,ﬂ.2* oo
1—e"%

— Bt the definition of influence

1
<7'I2'A7T2

Tl-ew
The second inequality follows analogously (one can think of it as reversing roles for agent .4; and agent A5). The third is
obtained by combining the first two and using the triangle inequality. O

Proof of the proposition

Proof. From Lemma 17, we have that:

P12 (7)) 2 pre e (w'7) — i - 1 —le*% Iy Am,
—p2 2 (7)) = —po - 2 () = 2 1—1e—i I - Ay,
which gives us:
(p1 —p2) - 777r2(771*) Zp1- (77772*(771*) - 1 —16—5 L2 Aﬁ) b2 (nﬂz(ﬂ-l) * 1—16—% h Am)
Now notice that:
_1_16_% LA, 277;{2 __77,,;*(:2 )

- Il : A71' Z e
1-— 67% ! 777\'2*(771 ) - 1,L Il Aﬂ'l - 1,L 12 Aﬂ'z
l—e w l—e w
7771'2(771) : l,l Il Aﬂ'l
> l—e w
S - LA, - LA,
1 1
. 77ﬂ'2(7'r R1
B _ 1 1
K1 K2

— Byrk) < kgandrky; > 1
N2> (771*)
- 2- (Rl — 1) '
By putting this together, we obtain:

(p1 = p2) M2 (7'7) = 1 o= (w17) - (1 ~ %@) — o N2 () - (1 + ﬁ) .
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Therefore, we have that A and p have to satisfy:

P1 2-&2—1

A<
p1— P2 2 Ko
D2 2-&1—1

= . .
p1—p2 2-K1—2

)
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D. Proof of Lemma 1

Proof. Let us first express V; in terms of 7;. We have:

1 M
= M Z dtm - <7Tlt7'rt>

S

_|_
<[ -
M= iM: =

dﬂ'lt,‘l\'zt . <7T1t, ’l"t>

(dt m = d7r1t,7'r2t) : <7Tlt,7“t>

M
1 1
> M dﬂ'lt,ﬂ'2t : <7Tlta'rt> - M : Z (dt.,m - dﬂ'lt,ﬂ'%) : <7Tltart>
m=1 m=1
— Using the triangle and Holder’s inequalities

:|~
HMi

1 M
1
wle w2y t,7“t> M Z Hdt,m - dwlt-,wth1 ’ H<7T t’rt>Hoo
m=1

1
= 77t(71'1t) M : Z Hdt,m - d‘rrlt,‘lrthl'
m=1

Due to Lemma 13, the summation in the second term is bounded by:

M M 3y 9
Z Hdt,m - dTl'lt,Tl'2t||1 < ||dt,1 - d1r1h7'r2t||1 : Z e e < —,

1 1—e %
Therefore:
2
Vi > ne(mty) — ,
A oy
that is:
T
_ 1 2
Vz—g L [P 4)
Tt:lnt( 2 M'(l_‘f%)

Now we follow the analysis of (Syrgkanis et al., 2015) to connect Zil ne(m!;) to the optimum average reward:

Zﬁtﬂ't ZZ (T)

— Using the smoothness assumption

T
> Z [)\ Nz () — o nt(ﬂlt)} — R(T),
t=1
implying:

% 1

Z?’]t(ﬂ'lt = %,’77‘3*(7‘_1 )— —R(T)

Now, suppose that 71 opr and 72op; are two policies that achieve OPT. Using the same approach as for lower-bounding
V}, we can upper-bound OPT by:

2
0T S hon (T om) + 3y
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where 777r20w (7l op ) is the average reward for policies 7w opr and w2opr. Due to the optimality of 7,2+ (7
that 72+ (717) > 12, (T opr), which gives us:

OPT < npa-(w'") + 2

- M-(1—e%)
and further:
A 1 A 2
Z’?t wt) > ———0pT — ——R(T) — - —.
1+ p 1+u I+p M-(1-ew)

Combining this with (4) we obtain the claim.

*
1), we know
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E. Useful Lemmas and Proposition for Regret Analysis
E.1. Proof of Lemma 4

Proof. The claim follows from Proposition 7 in (Syrgkanis et al., 2015) (more precisely, Theorem 19 and Lemma 20) by
noting that the loss function is Q; and that the update of w; ,(s) corresponds to OFTRL. That is, for each state s and
1<t<T-T+1:

a Agr a 2
Z Qir—1(s) - (' (s) = Wiyr_1,-(s))1 < — te Z [Qt+r—1(5) = Qur—2(s)l5 —

T=1
1 r
2
T i Z [Witrr—1,7(8) = Wigr—2r—1(s)[l]
=1
which implies the statement. (Note that for w(s)-difference we use ||-||,, whereas for w-difference we use |-|| _.) O
We provide a more general version of the lemma that we actually use in the proof of our main result.

Lemma 18. Ler 0(t) = min{rjt+7—1> 1,7 > 1} and O(t) = max{r|t + 7 — 1 < T, 7 < T} and 1 denote column
vector of ones with |S| elements. Then, for each episode —T" + 2 < t < T we have:

o(t)
Z <7Tl - Witr—1,7) Qt+T—1> <

T=0(t)
ot
Ar ®) )
<1 ~ +e€- Z 1Qtsr—1— Qt+7-72||max
T=0(t)
L) )
D DL
T=0(t)

where Ag = supyep, R(w) — infwep,, R(W) and w! is an arbitrary policy of agent A;.

Proof. As with Lemma 4, the claim follows from Proposition 7 in (Syrgkanis et al., 2015) (more precisely, Theorem 19
and Lemma 20) by noting that the loss function is Q; and that the update of w, ;(s) corresponds to OFTRL. Note that for
1<t<T-T+1, Lemma 4 yields the claim. We recognize two other cases. First, for ¢ < 1, define ¢ = |t| + 1. We
have:

’

Z Qt-i—r 1 ( (S) - Wt,T(S))T = Z QT(S) : (771(8) - WT,T"‘t,(S))T

T=0(t)
r—
< = te Z 1Q+(s) — Qr-1(s) Z (Wrrer(s) = Wr 1140 (5)|
O(t 1 o(t)
2 2
=F e Y 1Qur1(s) = Quer—a(s)lI2 — 1< [Witr—1,7(8) = Wipr—or—1(s)[|]
T=0(t) T=0(t)

Second, fort > 1T —I" + 1, we have:

o(t) T
S Quir1(s) (71() = Wesr 101 ()T = 3 Quls) - (71(5) = Wrr— i1 (5))!
T=0(t) T=t

T
1 2
< R e Z 1Q-(s) = Qr-1(s)[I% — 1. Z [Worr—t41(8) = Wro1, ()]}
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o(t) 1 o(t)
e Y 11Qupr1(s) = Quyr—a(s)|2, — i Wit r—1,7(8) = Wepr—2,,1(s)]] -
T=0(t) T=0(t)

Putting everything together, for each state s:
o(t)

Z Qiir1(8) - (71(s) = Wipr1.(8)T < Ar Z 1Qesr—1(8) = Qegr—2(s)]1% —

T=0(t) T=0(t)

o(t)
1
- 4. § ||Wt+T 1,7 ) Wt+7—2,‘r—1(5)”§7
o(t)

=

which implies the statement. (Note that for w(s)-difference we use ||-||,, whereas for w-difference we use ||-|| . O

E.2. Proof of Lemma 3

Proof. The first claim follows from Lemma 20 in (Syrgkanis et al., 2015) by noting that w; - are updated using OFTRL
(see also Section 3.2 in (Syrgkanis et al., 2015)), while Q-values are bounded by —2— (see Lemma 16). In particular

l—e w

from Lemma 20 in (Syrgkanis et al., 2015), the triangle inequality, and Lemma 16, it follows:
[Wer(s) = Wie1r-1(8)ll; < € 1Qe-1(s) = Qu(8) oo + €~ [1Qe(8) e <2~ € [[Qu(8)ll o + € Qe-1(5)ll
<e€- .
T l—ew
By taking into account that w; ; € Pa,, we know that ||w; -(s) — wy—1-—1(s)|; < 2, which together with the above
proofs the first claim.

The second claim follows from the first claim, the triangle inequality, and the fact that w; . € P4, (so that
Wi —Wi1ml <2)

1
7t —mtiq]| L = — W1l < tr Wi — w1l

r
E Wir — Wi—1,7-1
T=2 50

=l =

<1 2 6 2
f g [we,r —Wt71,7-71|\ +=<e ——+ T

fort > 1. Since w!; € P4,, we have that Hﬂ’lt(s) — 7l Hl < 2, which completes the proof of the second claim. [J
E.3. Proof of Lemma 2

Proof. By the triangle inequality, we have:

Hdﬂ'lt;ﬂ'2t - dﬂ'lt—lxﬂ'2t—1H1 < Hdﬂ'lmﬂ'2t - dﬂ'lt,ﬂ'%lel + Hdﬂ'ltﬂ"2t—1 - dﬂ1t7177"2t71H1 )

so we bound each term on the right hand side of the inequality. Due to Lemma 12 and the definition of the influence, we
have:

P P 2 2
d d H wlw2 = Ll 72/ x© < 12 ) ||7T t— T t71||oo
H Tl w2y T 7"1t-,772t—1H1 = 1 e_l = 1 e_i

—_— w —_ w

Using the fact that H7r2t — w2 HOO < pa, we obtain:

Iy - po
dnt, x>, — drr, m2,_ ||, < Iy
Symmetrically, except that we do not quantify agent .4;’s influence (i.e., instead use Lemma 10):
P1
||d7"1t77\'2t—1 - d""lt—l-,""2t—1 ||1 < 1 e_i :

The seconds claim of the lemma follows directly from the analysis above, i.e., from Lemma 12 and the definitions of I
and po. O



Learning to Collaborate in Markov Decision Processes

E.4. Proof of Lemma 5

Proof. Notice that:

Q‘rrlt _ T"lt—l
t t—1

1 ot
=max |Qf *(s) — Q,_1 ' (s)],
%) s
1 1 1 1
so it suffices to bound |Q *(s) — Q;_i~"(s)| for an arbitrary state s. To calculate QF *(s) — Q1 *(s), denote a row
vector of ones with |S| elements by 1 and set the initial state distribution to d;(s’) = 1,—4 (i.e., the initial state is s).
As shown in the proof of Lemma 3 of (Even-Dar et al., 2005), Q:(s, a) can be represented as an infinite time series that
converges in absolute values. This implies:
B i o0 o0
Ts) - Qi (s) = (dt,m'<ﬂ'1t,7’t>—1 77tﬂ't Z dt 1,m ﬂ' t—1,T¢— 1>—1 Ne—1(mhi 1))
m=1

m=

—

o0
- Z (d"'lhﬂ'2t ’ <7T1t7rt> -1 'nt(ﬂlt) - dﬂ'lt—lxﬂatfl ’ <7T1t*1’rt*1> +1- nt*l(ﬂ'ltfl)

= ((dt,m - dﬂlt,ﬂ2t) - (dt—l,m - dﬂ-lt,l,ﬂ-%,l)) . <TFlt,Tt>
>

m=1

+ Z (dt—l,m - dwlt,l,ﬂt,l) : (<7Tlt,7“t> - <7Tlt,7“t—1>)
m=1

+ Z (di—1m — drr, w2, ,) - ((7hry) = (mhq,mm))
m=1

Using the triangle and Holder’s inequalities, we obtain:
771 t 7t t—
1QF “(s) — Qi1 " (s)] <

oo
= Z H(dt,m - dﬂ1t77r2t) - (dtflvm - d"'ltflaﬂatfl)Hl ’ H<7Tlt’rt>||oo
~
+ 20 i = dm e ) = ()
m=1

oo
+ Z Hdt—l,m —drl, ym2, Hl ' H<7Tlt’rt—1> - <7T1t_1’,rt_1>Hoo

— By Lemma 7 and Lemma 8

%) o)
< Z H(dt,m - d‘rrlt,-/rzt) - (dt—l,m - d‘rrlt,l.,‘rr%,l)Hl + P2 - Z Hdt—l,m - d‘lrlt,l,‘lrzt,l Hl

m=1
0o
P ldeam = dm, e
m=1

— By Lemma 14 and Lemma 13

p1+ 1z pa
(e b)2

<3

+ 42 (p1+p2) - Ze
m=1
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3'p1+12'/)2 5. p1+ p2
- (1—6*%)2 1—e s

which completes the proof. O

E.5. Proof of Lemma 6

Proof. Using the recursive definition of ()-values and the triangle inequality, we obtain:

1
HQt - Qt—leax — ||Tt - Ti— 1||max + |’I7t(7T t) nt(ﬂ-lt—l)l +I§131X|P7‘-2t(87a1) : Z" f - P7\'2t 1(8 a’ ) Q: 1 1|'

The bound of the first term is given in Lemma 8. For the second term, we have:

|77t(771t) - 77t(7f1t71)| = |d7r1t,7r2t : <7Tlt,7"t> - dwlt,l,w%,l : <771t7177’t71> |
— 4 and — additional terms and the triangle inequality
S |(dﬂ'1t7ﬂ'2t - dﬂ1t7177"2t71) ’ <Trlt7rt> | + |d7"1t—1;ﬂ'2t—1 ’ <7Tlt - 7Tlf*l”rt> | + |d771t71;772t71 ’ <7T1t*1’ Ty — rt*1> |

— By Holder’s inequality and bound. d, r,
< Hdﬂltx"2t —dg, 1,71-2, 1||1 H<7T tvrt> ot ||dﬂ'1t—1xﬂ'2t—1||1 ’ H<7Tlt - 771’5*17”>||oo
Sl (AP P ([ TR )

— By Lemma 7 and and ||d||, = 1

< ldmiomz, = dmte e [y + (e = |+ 1 en e =m0
— By Lemma 2 and Lemma 8
p1+12 pz

+ p1+ p2
1—ew

Finally, the third term is bounded by:

max |Pre,(s,a',) - QT — Pea,_, (s,0%) - Q47|
s,a
— + and — additional terms and the triangle inequality
1 1 1
< rils‘f( |P7T2t(s7 0“17) ’ ( ZT f - ?—171)| + Iil;af( |(P7r2t(57 al) - Pﬂ-?t,l(sa al)) : Q?_371|

— Using Holder’s inequality

1 1
< max ||P,,2t(s,al)H1 . HQZr Q!
s,a

+ max || Pr2, (s, a') — Prz, (s, a' ;- HQTr .
00 s,al

— By Lemma 11 and || Pr2(s,a")||

< |ar' -afi

= @' — Q||+ =2 = mta] - @i
oo

— By Lemma 5 and Lemma 16

1:

+ max |72 (s) — 7%1(s)]], - qul
[e's) s

SOQ""+ T " P1-
— ew

By summing the three bounds, we obtain the claim. |
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F. Proof of Theorem 1

Proof. Lemma 15 provides the following useful identity:

T

1 1
E 77t(7l' 77t 7T t § d‘l\'] w2yt Tr _Qtﬂ- t)-
t=1

Furthermore, by the definition of Qt"'l and Qt’rlt, we have:

Qt‘l\'l _ Qtﬂ-lt _ <7Tl _ 7r1t7 Qt> .

Using the two identities, gives:

T T r
Zﬁt(ﬂ — ne(mty) Zdﬂ'] w2, (m =7, Q) = Zdwl,w% : <7"1 - % ZWt,th>
t= t=1 T=1

—1
1
=T Ayt g2, (' —wir, Q)
1
tr (drt 2, - (7' = Wir_1,Q1) + dp1 z2, - (7' —War, Q2))
+
T-r T
+ Z dﬂ-177r2t+7‘71 : <771 — Wipr—1,75 Qt+7'71>
t=1 7=1
_|_
1
tr (dpt w2y, - (7' = W11, Qro1) + drt 2, - (' — W2, Qr))
1
tr Ayt m2y (7' —wr1,Qr)
) T ew
f Z Z dTr T2y <7T — Wipr—1,75 QtJrT 1>
t=—T+27=0(t)

where we introduced §(t) = min{7|t +7—1> 1,7 > 1} and ©(¢t) = max{r|t + 7 — 1 < T,7 < T'} as in Lemma 18.

Now, by replacing d1 > with d1 72 it follows that the above is equal to:

t+7—1 t+0(t)—17

T o(t)
1
E E dﬂ'1 T2 0()—1 <7T _Wt+7'71,T7Qt+7'71>
t=—T+27=0(t)
T o(t)

1
Z Z 71'1,71'27:4”71 - dﬂ'laﬂ'2t+9(t)—l) ’ <7T = Witr—1,75 Qt+T*1>

t=—T+27=0(t)

We bound the two terms separately, starting with the first term. Since dr1 2, ) is independent of 7, the first term is equal

to:
o(t)
d 12 <71'1 - W Q A1 g2 . <71'1 - W Q >
T2 e()—1 t+7—1,79 Lt+7— 1 w2 e)—1 t+7—1,79 t+7—-1/ >
t=—T+2 7=0(t) t=—T42 r=6(t)

which is by Lemma 18 bounded by:

T A o(t) 1 o(t)
R 2 2
Z drtn2, ), "1 ( p te- Z Qit7—1 = Qirr—2lliax I Z [Wir—1,7 — Wegr—2r-1][2,

t=—T+2 T=0(t) T=0(t)
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. A O(t)
R 2
< T ' Z d7r1,7r2t+e(t)—1 1| — Fe- Z ”Qt"'T_l - Qt+T_2||maX
t=—I+2 T:H(t)
1 T Ax o(t) )
< = Z — +e- Z 1Qtr—1 — Quir—2lax
t=—T+2 T=0(t)

Proposition 1, Lemma 6 and Lemma 3 imply that the above is further bounded by:

) T Ar (t) 9
f . Z T +€- Z ||Qt+7'71 - Qt+7’*2||max
t=—T"+2 T=0(t)

— Using Lemma 6 and ©(t) — 0(t) <T
T+T [(Agr 9

< T (— +TI- CQ>

— By the definition of C,,

T+7T A
S%( R 4T e C2 - max{p:? po }>

— Usingk-€> pyandk-€> ps, andthatT' < T

IN

I €

Notice that in the above analysis 1 denoted a row vector of ones with |S| elements. Finally, setting e = F% leads to the
4
upper bound:

€

2.7 (A 2.7
T(—R+k2-r-e3-cg>— - (AR T% 4 k2. m-é-c}j)
=2 (Ap +k%-C2)-T T 1.

The second term is bounded by its absolute value, which together with the triangle inequality and Holder’s inequality,
results in:

T o(t)

1
Z Z ""17""2t+r—1 - d""lv""zwe(t)—l) ’ <7T — Witr—1,7) Qt+T—1>

t=—T+2 7=0( t)

E : E : Hdﬂ17ﬂ2t+7' 1 _dﬂ'lﬁfzwe(t)q

t=—T+27=0(t)

. H<7‘rl - Wigr—1,7) Qt+T*1>Hoo

"JI*—‘

1

From Lemma 9 and Lemma 16 it follows that || (7! — Wysr 1.7, Qeir—1) HOO < —9Y  which leads to the upper bound:
l—e w
T o(t)
( 6
E : § : dr T2 dﬂ'l)ﬂ'2t+9(t)71 1 ’ 1_ e,i’
t=—T+2 7=6(t) “
which by identity:
d7"1-,772t+7-—1 - d7\'177\'2t+9(t)71 = d7"177"2t+-r—1 - d77177r2t+‘rf2
+ dﬂ.l)ﬂ-2t+7'72 - dﬂ'lxﬂ'2t+773
+ dﬂ'l)ﬂ'2t+9(t)+1 - dﬂ'177"2t+9(t)
+ dﬂ'l-,ﬂ'zwre(n) - dﬂ'l-,ﬂ'zue(n)a
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T—

1
§ (dﬂ'lﬂfzt+k - d7"177"2t+k—1)’
k=0 (t)

and the triangle inequality is bounded by:

1 T—
f 1 w Z Z Z Hd"17"2t+k_ 7717772t+k—1H1'

T Y = T427=0(t) k=0(¢)

H

Application of Lemma 2 additionally bounds the last term by:

o) -1 T o(t)

1 I - p2 71 6 Iz - po
D D S S ol oyt
t=—T+2 7=0(t) k= e(t) t=—T+27=6(t)
T
1 6-Iy- 2
= I I
(1—e"v) t=—T42
1 3'[2'{)2
<= (Ir+71).1%. ——= =
T ( ) (1—@7%)2
:2.T.I‘.M
(1—eb)2
Putting everything together, we obtain:
61y -
Znt () <2 (Ag +K2-C2).T-TF 4 22 g

(1)
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Algorithm 2: EXPRESTART (Experts with periodic restarts)

Inp
beg

end

ut: Segment horizon I', learning rate ¢;
in

Initialize: Vs, 7l (s) = arg maXyep, @;
for episode t € {1,...,T} do

Commit to policy 7';;

Obtain the return V;;

Observe agent As’s policy 72;;

Calculate Q-values Qy;

// Updating policy 7
// Reset the policy if segment ended
if ¢ mod I' = 0 then

for state s € S do

1

1 R(w) .
‘ mhipa(s) = arg MaXyep, —(6 ),

end
end
// Otherwise, calculate weights using a cropped horizon
else
for state s € S do
T=|rl:
mhia(s) = argmaxep,, (D, o Quls) +Quls))wl + 200
end
end

end

G. Properties of experts with periodic restarts

To prove the property of EXPRESTART that corresponds to Theorem 1, we need to change the claims of Lemma 4 and
Lemma 3. Lemma 2, Lemma 5, Lemma 6, and Proposition 1 hold for EXPRESTART (in general, but also for each segment
of length I" separately). Therefore, we do not restate the claims of the latter results, but simply refer to them. Notice that,
after each segment in EXPRESTART, we should associate the next episode as if it was the first one. For example, the policy
=I" 4 1 is not based on historical data, so the algorithmic step that precedes is effectively ¢ = 0, with a priori defined
Qo and 7!. For notational convenience, we use % to denote the mod operation. Furthermore, we will denote the policy
change magnitude of agent A; within one segment by p;' (note that p; is generally greater than p;" due to potentially

att

abrupt changes in agent .A;’s policy between two segments).

Lemma 19. Consider EXPRESTART and let 1 denote column vector of ones with |S| elements. Then, for each | €

{0,1,..., [ L]} we have:

(14+1).T A (I4+1).T (1+1)-T
R
> o (mt-mh Q) <1 — Te > Q- Quonyur
t=1T+1 t=1T+1 t=IT+1

whe

Proof. The claim follows from Proposition 7 in (Syrgkanis et al., 2015) (more precisely, Theorem 19 and Lemma 20) by
noting that the loss function is Q; and that the update of 7!;(s) corresponds to OFTRL. That is, for each state s and

re Ar = SUDwep,, R(w) — infwep,, R(W) and w! is an arbitrary policy of agent A;.

1€{0,1,..., | L]}:

(I+1)-r (1+1)-T

> Q) () - < = e 3 Quls) = Quonyer(9)]

t=I0-I'+1 t=Il-I'+1

!fnax—ﬂ' D 7t =t
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1 2
S Z H7rt Wl(t—l)%F(S)||1’

which implies the statement. (Note that for 7! (s)-difference we use ||-||;, whereas for 7! -difference we use ||-||.,) O

Lemma 20. Let | € {0,1,..., L ]}. The policy change magnitude within one segment (t € {l - T +1,...,(1+1)-T}) of
EXPRESTART is bounded by:

9
s =t aperll < min {2, 2
l1—e o

9
it §min{2,e-71}.
l—e"w

Proof. The claim follows from Lemma 20 in (Syrgkanis et al., 2015) by noting that 7t (s) are updated using OFTRL (see
also Section 3.2 in (Syrgkanis et al., 2015)), while ()-values are bounded by — (see Lemma 16). In particular from

Consequently:

Lemma 20 in (Syrgkanis et al., 2015), the triangle inequality, and Lemma 16, 1t follows

[7e(s) = 7' —nyer (8); < € [|Qu-nwer(s) = Qu(s) ||, + € 1Qe(s)lloe <2 € 1Qe(s)llg + €~ [[Qe—1yr(s)|

By taking into account that w!; € P4,, we know that H7r1t(s) — Wl(t_l)%F(S)Hl < 2, which together with the above
proofs the first claim. The second claim follows by the definition. |

Theorem 4. Let the learning rate of EXPRESTART be equal to € = F%, and let k > 0 be such that k - ¢ > p1* and
4
k - € > pa. Then, the regret of Algorithm 2 is upper-bounded by:

: Iy
R(T)S(AR+I€2-O£)-T-I‘%+£27€2)2~TT.
—e W

Proof. Lemma 15 provides the following useful identity:

T

1 1
> () = me(wty) Zdw a2 QT — Q).
t=1

Furthermore, by the definition of Q{"l and Qt’rl“, we have:

Qt‘l\'l _ Qtﬂ-lt _ <7Tl _ 7r1t7 Qt> .

Using the two identities, gives:

T
Zﬁt(ﬂ' ntﬂ't Zdﬂ' w2, 7T _WtaQt Zdﬂ' w2yt 77 _thQt>
t=1

+ Z dTr w2y 77 _thQt>

t=I+1
+ .-

+ Z dTr177.r2 . 7T — T tht>-

t=T-T+1
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We will proceed by analyzing only the first summand, i.e., ZtF:l dnt n2, - <71'1 —mly, Qt>. The others can be analyzed
analogously since experts with periodic restarts has the same behavior in all the segments (1,...,T), (T +1,...,2-T), ...,
(T —T +1,...,T). We can rewrite the first summand as:

r
Zdﬂ' , 2y 7T -7 tht Zdﬂ' 72y 7T -7 tht +Z w2, 7r1,7r21)'<7r1_771taQt>7
t=1

and proceed by bounding each of the obtained terms (summations) independently. Due to Lemma 19, the first term is
bounded by:

T

Zdﬂ'l w2y 7T - taQt> d7r177r21'2<7r1_7r1taQt>

t=1
I
[ 4 - E:\Wt— (t-1)%T

)

Proposition 1 holds within segment (1, ...,T") (or any other segment), so Lemma 6 and Lemma 20 imply that the above is
further bounded by:

A
gdﬂ17ﬂ21.1.< “Rie ZHQf Qu—1)y%r

t=1

’max

A r
STR-FG'ZHQt Q—n%r
=1

r r
A
Zd”17"21 . <7r1 — 7'rlt, Qt> STR +e€- Z ||Qt - Q(t—l)%l“”iax
=1 t=1
— Using Lemma 6
AR

<X 4T.e-C?
6+ Q

— By the definition of C.,,
A

“RyT-e C?% . max{p," ,p22}

—>Usmgk-62p1 and k - € > ps

<R LiR2r.éo?

Notice that in the above analysis 1 denoted a row vector of ones with |S| elements. Finally, setting e = F% leads to the
4
upper bound (A + k% - C2) - I'i.

The second term is bounded by its absolute value, which together with the triangle inequality and Holder’s inequality,
results in:

r r
Z wl w2, T 71'1,7\'21) : <7Tl - WltaQt Z ||d‘rr1 w2, T 7\'1,7\'21”1 ’ H<7T1 - 7"1t7Qt>||OO

t=1

From Lemma 9 and Lemma 16 it follows that ||(w! — 7';, Q;)|| < —%—, which leads to the upper bound:

T 1—e

r r 6
1 1
E 771 w2 T 7\'1,7\'21) : <7T — T, Qt § Hd‘rr1 w2, T 7\'1,7\'21 Hl : — 1

t=1 1 — € w
which by identity:

dﬂ'l,ﬂ'2t — Cl7.‘.177.‘.21 - dﬂ'l;ﬂ'2t - d7717772t71

+ (1.,‘.17.,‘.2t72 — Cl.,.‘.ly.,‘.zti3



Learning to Collaborate in Markov Decision Processes

+ dﬂ-17ﬂ-23 — dTr177.r22
+dri g2, — dgi g2,

and the triangle inequality is bounded by:

M’—J

t:l t=1 k=1

Application of Lemma 2 additionally bounds the last term by:

A p2 6 L po r
Fp— ;k:11 T l-e% l-e3 ;(t b

< 6 ) Ig'pg 1—‘2

Tl-ew l-ew 2

_ 3 I - pa T2

1’ T
l—ew 1l—e"w

Therefore, Z{:l drt n2, - <71'1 —7ly, Qt> is bounded by:

3 I
Zd L (m = w, Q) < (Ar + K- CP) T 4 o2y
l—ew l—ew
By including all the other segments, in total % of them (at most), we obtain:
: 31y
Znt —m(m'y) < (Ar+K*-C2)- T Ff%—i—ﬁjjf‘.
e

r
6
1 1
dr w2y T -,\-17-,‘-21)-<7T — T taQt> <—F- E "dﬂ17ﬂ2k+l—dﬂ17ﬂ2k"l.

O

Given that the bound in Theorem 4 is (order-wise) the same as the bound in Theorem 1, the statement of the main result of
the paper (Theorem 2) holds for experts with periodic restarts as well. Namely, one can easily adjust the proof of Theorem
2 so that the statement of the theorem holds for experts with periodic restarts (e.g., by utilizing Lemma 20 instead of

Lemma 3).
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H. Proof of Theorem 3

Proof. To obtain the hardness result, it suffices to reduce the adversarial online shortest path problem of (Abbasi et al.,
2013) to our setting in polynomial time — namely, the adversarial online shortest part problem is at least as hard as online
agnostic parity (see Theorem 5 in (Abbasi et al., 2013)), so the proposed reduction would yield the result.

In the online shortest path problem, at each round ¢, an agent has to select a path from a start node to an end node in a direct
acyclic graph g;. The graph g, is characterized by a start node, an end node, and L layers that contain other nodes with a
restriction that a node in layer [ only connects to nodes in [ — 1 (or start node if [ = 1) and nodes in [ + 1 (or the end node if
I = L). The reward r,, (alternatively, loss) is revealed after the decision maker chooses a path in g;. Note that the proof of
Theorem 5 in (Abbasi et al., 2013), which shows the computational hardness of the problem, uses only binary rewards and
2 nodes per layer, each node having at least one successor (except the end node). Thus, to prove our theorem, it suffices
to reduce the simpler version of the online shortest problem to our problem in polynomial time. The simpler shortest part
problem is characterized by:

* A set of nodes Ny,, enumerated by 19, 11,0, 121,15 .., 11,0, 7,15 -» L0, L,1, W L+1, Where ng is the start node, while
nr+1 is the end node.

* A time dependent set of directed edges F,, that define connections between nodes from layer [ and nodes in layer [ 4- 1,
where only directed edges of type (n9,71.0), (70, 11.1)s «es (N1,05M4+1,0)s (R2,1, 7i41,0)s (P05 M41,1)s (01, RI41,1)s
o (ML0snL41)s (N1, nL+1), are allowed. We impose condition that each node n # n 41 has an outgoing edge.

* A time dependent reward function r,, that takes values in {0, 1} and whose value r,, ((n, n’)) determines the weight of
edge (n,n’).

* A time dependent policy 7, that defines a successor node for each node other than ny,11, e.g., 74,1 (n11) = Nit1,0-

If node 7, +(n;1) ¢ Ey,, then we take an arbitrary (predefined) successor node of n; ; that is in Ey,. We can define a
value of each policy 7y ¢ as:

Y gl (n0), wht (o)),

=1

S

Vt(”g-,t) =

where 77577,5 (ng) is defined inductively as 77577,5(710) = wgﬂt(wllq)tl (n0)) with 7 ; (n0) = no.
* The objective is to be competitive w.r.t. any stationary policy 7, that is, to minimize the regret Zthl (Vi(m) = Vi(mg,e))-

Reduction:

Defining MDP: Given a graph g, let us define a corresponding MDP in our setting:

e We associate each node in g; with a state in MDP: state sg corresponds to the start node ng; state sy corresponds
to the end node n7,11; and for the nodes n; o and n; ; in layer [, we define states s; o and s; 1 respectively. Therefore,
S = {50, +ey S1,05 S, 1y s SL4+1}-

e The action space for agent .4; describes possible choices in the online shortest path — A; = {0, 1} corresponding
to the choice of a next node n; o or n;; from nodes n;_; o or n;—1 1. The action space for agent A, is equal to
Ay = {a?a,0a%0,0,0%0,1,0%1,0,,0%1,1,0%0,0%,1,0% 2, 0% 3}

 All the transitions are deterministic given a' and a®. The transitions from node 51,0 and 57,1 (for I < L) are primarily
determined by the action of agent As:

— if it is equal to a?,, the next state remains the same,

— ifitis a?p ;, the next state is 5,410,

— if itis a?; , then the next state is s,41 1,

— ifitis 0L2b73E the next state is determined by agent A;’s action, i.e., the next state is 5,41 1.

That is, agent .A; only affects the transition if agent As selects a?;, .. Analogously we define transitions for so, having
in mind that next layer is layer 1. From sz, o and sy, ; the transitions lead to s7,41, unless a? is equal to a?,, in which
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case the the state remains the same. From sy 41, all the transitions lead to sg. Put together:

if s = 50 and Spew = S and a® = a2,

if s = sp and Spew = $1,0 and a® = a?p

if s = sg and $pe = $1.1 and a? = a? ,

if s = s and Speq = 51,41 and a? = a? ,

if s = 8, and $pew = 81 and a® = a?, and 0 < [ < L

P(s,a',a", spew) = 1% if s = 51, and 8,00 = 5111,0 and a® = a?g,and0 < | < L
if s = 5,4 and Spew = 81411 and a’? = a217m and0 <[l <L
if s = 5,, and Spew = Sy41.01 anda? = a?, , and 0 <1 < L
if s = 87, , and Sye = 81, and a® = a2,
if s = sp . and Spew = Sp41 and a? # a2,
if s = sp41 and Spew = So

and it is O otherwise.
¢ For the reward function, we set:

This implies that agent A, can control the reward of each (s, a') pair by an appropriate action selection. In other, we
can simulate the weights (rewards) of graph g; by an appropriate choice of agent .45’s policy.

Defining policy w%;: Let us now define the policy of agent 4> using graph g, — note r,, is not revealed to
agent A; before episode ¢. Let us consider the case 0 < [ < L. First, we set rzt(slﬂz, aza) = 1 — po, to ensure that policy
change of agent Ay is bounded by po. For the other (s; .., a?) pairs, we set 7%;(s; ., a®) = 0 except:

* if node n; ,, has only n;1 1 ; as a successor and 7, (1,2, n141;) = j, then w2 (s).4, a%; ;) = po;
e if node n; ; has both n;11,0 and n;41,1 as successors, then Wzt(sl,m, aQb,r) = po, where 1 = rg, (ny 2, M+1,0) + 2 -
Tg. N,z T41,1)-

The first point ensures that when n; . has only one successor, 7w2; will allow transitions from s; . only to the corresponding
successor as a® will either be a? ; or a?; ;. The choice of j in a? ; ensures that the reward for that transition is equal
to the corresponding weight in graph g; since for a?; o, the reward is 0 and for a?; 1, the reward is 1. The second point
ensures that when n; , has both successors, the transition is dependent on agent A;’s action. This is true because agent
As’s action is awa, which defines transitions according to agent .4;’s action a'. Notice that when a node has two possible
successors in gy, r encodes the associated weight (reward) values of the node’s output edges: » = 0 - weights are 0, r = 1
- the weight associate to transition n; , — 7;41,0 is 1 and the other weight (associated with transition n; , — 1741,1) is
0, r = 2 - the other way around, » = 3 - both weights are 1. So r in LLQM ensures that s; ,, has the same reward profile as
node n; , has on the corresponding transitions . Therefore, the inner layers of MDP are properly reflecting inner layers of
gt, except that we remain in each state with probability 1 — po irrespective of agent A;’s policy. Analogously we define
72, for sg, having in mind that the next later is layer 1, so the same holds for sg. The choice of 772t(s L+1) is irrelevant for
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both transitions and rewards, so we can set it to 72, (SL+1, aza) = 1. To sumarize:

if s = sg and and a® = a2,

2 2
o(s,a”)=1—
il ) P2 ifs=s,and anda® =a?, and 0 <[ < L

if s = sg and (no, n1,0) € By, and (ng,n11) ¢ Ey, and a® = a207rgt(n07n1)0)
(

. 2 2
if s = so and (no,n1,0) ¢ Ey, and (ng,n1,1) € Ey, and a® = a1 1, (ng.ny 1)
) o if s = sg and (ng,n1,0) € E,, and (ng,n1,1) € E,, and a® = a?y

™ t(Sv a ) - p2 . 2 2
lfS = Sl@ and (nl@? nl+170) € Egt and (nl@? nl+171) ¢ Egt and a”=a 07T9t (nl,zynl+1,0)

— 2 _ 2
if s = 81,0 and (N2, M11,0) ¢ Eg, and (ny,, ni41,1) € Eg, and a® = a*y 4 (ny 4 ngg )

— 2_ 2
if s = Sz and (nlyx, nl+170) S Egt and (nlyx, nl+171) S Egt and a“ = a b,r

w2 (sp41,0%) = 1,

and 7r2t(s, az) = 0 otherwise, where 0 < [ < Land r = 7y, (1,2, Mi+1,0) + 274, (N1 o, ni+1,1). By these choices of agent
Aj’s policy we have encoded the structure of g;, with the exception that in each state s # sz, we remain with probability
1— P2

Finally, we ought to encode any policy , ; with agent A;’s policy. Let us define 7!, as:

Wg,t(no):nl,l

gt (Ni,e)=ni41,1

wly(sp2) =7 e(s41) =0

where 0 < [ < L. In other words, the action of choosing node n, o in the shortest path problem, corresponds to action
0, whereas the action of choosing node n ; in the shortest path problem, corresponds to action 1. Notice that agent .A4;’s
actions in states sy, , and sz, are not not important as they don’t affect the agent’s rewards nor transitions. Given that
7l represents m, ¢, whereas with 72, we have encoded the relevant details of g; in MDP, it follows that the the average
reward obtained for episode ¢ in the MDP is equal to:

m(m'e) = O (p2) - Vilmg,r).

Coefficient po comes from the fact that the number of rounds to reach state sy,41 from sz, is expected to be piz (L+1) G.e.,
in each state the agents are expected to be p% rounds given that the probability of remaining in a state other than sy, is
1 — p2), whereas it takes L + 1 steps to reach the end node in the shortest path problem. Notice that © (p2) is not dependent
on time horizon 7', while the reduction we described is efficient (polynomial in the problem parameters). Therefore, if we
can find an efficient no-regret algorithm for the setting of this paper, then we can also find an efficient no-regret learning
algorithm for the adversarial online shortest path problem, which implies the statement of the theorem. |



